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The low dimensional gravity has received attention as a laboratory to study the interrelation between the space-time geometry and the quantum mechanics since the seminal works on (1+1) dimensional gravity by Polyakov [1] and on (2+1) dimensional gravity by Deser, Jackiw, and 't Hooft [2] and by Witten [3] . Before long, it was understood that the difficult problems associated with the black hole [4] can be dealt in low dimensions in forms far simpler than in the (3+1) dimensional gravity as the black hole solutions are found in (2+1) dimensional gravity by Bañados, Henneaux, Teitelboim, and Zanelli [5] and in the (1+1) dimensional dilaton gravity by Callan, Giddings, Harvey and Strominger [6] . Since then the low dimensional black holes have served as an important arena where one can study the quantum gravity, perhaps the greatest crux in theoretical physics, in a rather tractable manner.
In the Chern-Simons formulation of the (2+1) dimensional black hole, we may treat the horizon as a boundary. In the present letter, we show that the induced action on the boundary for the spinning (2+1) dimensional black hole [5] is given precisely by a direct product of two copies of the gauged chiral SL(2, R) Wess-Zumino-Novikov-Witten (WZNW) model [7] , which has been studied previously as the covariant action for the (1+1) dimensional gravity [1, 8, 9] . Then, using the equivalence of the gauged chiral SL(2, R) WZNW model to the Liouville model [9] , we evaluate the quantum corrections to the (2+1) dimensional black hole exactly at all orders. These result in renormalization of the gravitational constant only.
The present letter extends the work of Carlip and Teitelboim on (2+1) dimensional black hole [10] [11] [12] and clarifies some issues. Since (2+1) dimensional black hole has been known to be an exact solution of the effective action of (2+1) dimensional string [13] and dual to a black string, the present letter may shed some light upon these related topics also.
In (2+1) dimensions the gravity is governed by a Chern-Simons action with an appropriately Lie-algebra valued gauge fields [3] 
The BTZ (Bañados-Teitelboim-Zanelli) black hole exists
in the presence of a (negative) cosmological constant λ = −1/l 2 . M and J correspond to the mass and angular momentum of the black hole respectively. In this case the space-time is asymptotically anti-de Sitter, of which symmetry group is SO(2, 2) and the gravity is described by the Chern-Simons action with the SL(2, R) ⊗ SL(2, R) ≃ SO(2, 2) Lie algebra valued gauged fields [3] 
where
Here G is the gravitational constant. The equation of motion for the gauge field implies that the gauge field is a pure gauge,
. The gauge fields corresponding to the BTZ black hole has been obtained by Cangemi, Leblanc and Mann [14] .
The BTZ black hole solution Eq.(2) has two horizons: outer one at r = r + and inner one at r = r − where r ± are two zeros of N(r), r
. Thus, one may divide the space into three regions bounded by the horizons: 0 < r < r − (Σ I ), r − < r < r + (Σ II ), r + < r (Σ III ). Since the curvature is constant everywhere, it seems ad hoc to divide the space such a way. However, if we are concerned with the quantum theory using the path integral, it seems unavoidable to confine ourselves to the space-time M = Σ III × R.
As is well known [15] , we need to supplement the Chern-Simons gravity action Eq. (3) by a boundary action
if the space-time M has a boundary. This boundary action is chosen such that its variation cancels that of the Chern-Simons action [16] . Here the boundary at r = r + , ∂M = S + ⊗ R is parametrized by (φ, t). (However, note that the boundary does not need to coincide with the horizon. The following procedure applies equally well to the case where the boundary surface is contained in the horizon surface.) The gauge invariance of the action is now broken, partly because the space-time M has a boundary, and partly because the boundary action is introduced. We see that the degrees of freedom of the gauge fields corresponding to the broken symmetry cannot be gauged away any longer. They become dynamical degrees of freedom as Carlip discussed [10] . In order to get the proper action for these degrees of freedom, we resort to the Faddeev and Shatashvili (FS) proposal for the consistent quantization of anomalous theory [17] .
The FS proposal is to introduce a one-cocycle in such a way the local gauge symmetry is restored and to use it as the action describing the "would be" gauge degrees of freedom.
This procedure has been applied to construct the action for the (1+1) dimensional quantum gravity [9] . The one-cocycle for the Chern-Simons gravity is constructed to be
One easily find that the one-cocycle α CSG (A, g) satisfies the one-cocycle condition by construction as usual
and the gauge symmetry SL(2, R) ⊗ SL(2, R) is fully restored. The explicit expression for the one-cocycle is
It seems straightforward to define the path integral describing the quantum degrees of freedom of the (2+1) dimensional black hole, introducing the boundary action and the one-cocycle. However, it should be noted that if we do not select the class of gauge fields appropriately, the path integral may only take account into the quantum fluctuations around a trivial vacuum. In order to evaluate the quantum fluctuations around the BTZ black hole, we should require that the gauge fields have a non-trivial holonomy
This condition reads also as follows, if the rotation (cylindrical) symmetry and the static properties of the BTZ black hole is taken into consideration
tr A
We can incorporate this condition easily in the path integral as we add the following constraints to the action with Lagrangian multipliers λ ± ∂M λ + tr (A
Since this condition does not respect the gauge symmetry, we make resort to the FS proposal again. It modifies the one-cocycle: Defining
and renaming J ± 2 as J ± − (it is equivalent to a global SL(2, R) transformation), we have
(This procedure would be understood better in the Euclidean theory.)
Now the path integral describing the quantum degrees of freedom of the (2+1) dimensional black hole is available
Here, α CGS [A, g] is defined by Eqs. (8, 12) . Note that the action given in Eq. (13) is invariant under the local gauge transformation. Integration over A ± 0 yields the Gauss' constraints, implying that the gauge fields are pure gauge,
while integration over the Lagrangean multipliers λ ± imposes that they have the nontrivial holonomy given as Eq. (10). Choosing an appropriate gauge condition, compatible with the condition Eq. (10), we can determine the gauge fields uniquely, which would yield the BTZ black hole solution Eq.(2).
Once the classical solution is determined, we substitute it into the action to evaluate the quantum corrections due to the induced action on the boundary: The constraint part reads
and the Chern-Simons action for the gauge fields yields
Hence, we find that the quantum corrections due to the boundary action are given by the following path integral
Here we make use of the Poyakov-Wiegman identity
The resultant action is a direct sum of two copies of the gauged chiral SL(2, R) WZNW model, which has been studied previously for the two-dimensional gravity [1, 8, 18] .
The quantum corrections due to the boundary action can be easily obtained as we take 
and the Polyakov-Wiegman identity Eq.(17) leads us
Since the constraint e −ϕ ∂ − f − a = 0 is of first class, we choose a gauge condition to fix the gauge degrees of freedom associated with this constraint: The Liouville action for the BTZ black hole results from choosing the gauge fixing condition as follows
and scaling ϕ appropriately. Here b is a constant. If we express the action in terms of the gauge-independent field f , we will obtain the 2D gravitational WZNW model of Polyakov for the BTZ black hole. Thus, we conclude that the quantum degrees of freedom of the BTZ black hole induced on the boundary can be equivalently described by the Liouville action
As is well known [19] the quantum corrections to this Liouville model is summarized simply as
and it makes the evaluation of the quantum corrections to the BTZ black hole straightforward: It follows that the quantum corrections to the BTZ black hole only result in renormalization of the gravitational constant
It is important to note that Eq.(23) summarizes the quantum corrections at all order. Expanding Eq.(23) inh up to the one-loop order
we confirm the one-loop correction obtained by Carlip [11] in his calculation of the one-loop correction to the entropy of the BTZ black hole
The present letter will be concluded with a few remarks. We obtained the induced action on the boundary for the spinning (2+1) dimensional black hole, making use of the Faddeev-Shatashivili procedure, which yields a gauge invariant action. We also pointed out that an appropriate boundary condition must be imposed on the path integral in order to take account into the quantum fluctuations around the BTZ black hole. The chosen boundary condition determines the mass and angular momentum of the BTZ black hole.
The resultant boundary action is precisely a direct product of two identical copies of the gauged chiral SL(2, R) WZNW model, which has been discussed previously for the twodimensional gravity. It is amusing to find that the (1+1) dimensional gravity is relevant to the quantum theory of the (2+1) dimensional black hole. This conclusion is different from that of the previous work [11] , where the induced boundary action was obtained as a direct product of two copies of the SL(2, R) WZNW model. The gauged SL(2, R) WZNW model does not suffer the difficulties such as nonunitarity of the representations in contrast to the SL(2, R) WZNW model. The exact evaluation of the quantum corrections due to the boundary action follows from the equivalence of the gauged chiral SL(2, R) WZNW model to the Liouville model. The present letter supports the work of Witten [3] , which asserts that the (2+1) dimensional gravity is exactly soluble at the classical and quantum levels.
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